ON SUBSPACES OF QUOTIENTS OF (XG,), AND (X G.),,

BY
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ABSTRACT

Let1 < p < o0 (resp. p = c0). Then every Z p-subspace of a quotient
space of lp (resp. ¢g) is isomorphic to lp (resp. Cq)-

1. Introduction.

In this paper we show that if a subspace X of a quotient of a Banach space
of the form (X G,),_ (L<p< o) or (X G,),, with dimG, < oo admits a nice
enough structure, then X is itself isomorphic to a space of the form (X E,),
or ( X E,),, with dimE, < co. The most significant application of this result
is that for 1 < p £ o, every £, subspace of a quotient of [, (or ¢, if p = o) is
isomorphic to I, (or ¢,). This answers a question of Lindenstrauss and Pelczynski
[7] and improves the result of the second-named author [9] that if X is a %, ,
subspace of ¢, with A < 7/6, then X is isomorphic to c,.

Before giving a precise statement of our main result, we mention the kinds of
structures that concern us here. A sequence (E,) of finite dimensional subspaces
of the Banach space X is called a finite dimensional decomposition for X (f.d.d.,
in short) provided that, for each x in X, there is a unique sequence P,x€E,
with x = X P,x. If (P}X*) forms an f.d.d. for X*, the decomposition is called
shrinking. A f.d.d. (E,) is an [, (1 £ p < o0) (respectively, c,) decomposition
provided that, given ¢, € E,, X e, converges if and onlyif X “ e, ”" < oo (respec-
I - 0).

Our main result is:

tively, | e,

THEOREM 1. Let (G,) be a sequence of finite dimensional spaces. Suppose
(E,) is a shrinking f.d.d. for a subspace X of a quotient of ( £ G,), (1 < p < o0)
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{respectively, ( X G,),}. Then there exist integers 1 = ky <k, <k3--- so that
((EJmii Doy is an 1, (respectively, co) decomposition for X.

Enflo’s remarkable counterexample to the approximation problem [2] points
out the futility of attempting to classify even all subspaces of ¢,. However, the
elementary techniques used here might be refined to classify the isomorphic
types of all subspaces of quotients of ( X G,);, (1 <p< ) or ( X G,),, (dim
G, < o) which admit a reasonable structure (perhaps only the approximation
property) as being of the form ( X E,), or ( X E,),, with dim E, < oo . Corollary 2
points in this direction: If X is a subspace of a quotient of ( £ G,),. (1 < p < )
or ( X G,),, (dimG, < o) and X* has the approximation property, then X is
isomorphic to a complemented subspace of a space of the form ( X E,), or
( £ E,)., (with dimE, < ).

Our notation follows that of [5] except that [A4] is used instead of span 4
to denote the closed linear subspace generated by A. Terms used but not defined
here are as in [5].

2. The main result

We begin with a basis-theoretic preliminary lemma. Note that B(X) is the
closed unit ball of the Banach space X.

LemMa 1. Suppose T:X — Y is a quotient map, (G,) is an f.d.d. for X,
and (E,) is a shrinking f.d.d. for a subspace of Y. Let a positive integer n and
e>0 be given. Then there exists a positive integer m so that for any y in
[EJZms y“ =1, the distance d(y, T3B[G;];Z,) from y to T3B[G,];%, does
not exceed €.

Proor. Suppose the conclusion is false. Then we may pick y,e[E]iZ.
(m=1,2,3,), | ya| = 1, with d(y,, T3B[G]];Z,) >¢. By the Hahn-Banach
Theorem, there exist f, € Y*, | f,| = 1 = fu(yn), with | f,(Tx)| <1 —¢ for all
x € 3B[G;];,. Since (E;) is shrinking, y,, = 0; hence there is a subsequence (z,,)
of (y,) and a corresponding subsequence (g,,) of (f,,) satisfying Igm(zj)| <1/j
for j > m; g z,) = 1.

Write z,, = Tw,, with w,eX, |w,| £1+1/m. Let P;: X - G, be the ob-
vious coordinate projections. By passing to a subsequence of (w,), we may

assume that lim,,_, , P,w,, exists for each fixed i. Hence by the f.d.d. variant of
a well-kknown result of Bessaga and Pelczynski [1], some subsequence of
(Wzm — Wam+ 1) is arbitrarily close to a block basic sequence of (G;). (To apply
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the result of [1], note that g,,TWypm — Wams1) = F2m(Zom) — I2m(Zome1) >
1 . . .

1- et from which ” Wom — Woms1 ” is bounded away from 0.) Applying

this result, we have that there are increasing sequences (p;) and (k;) of positive in-
tegers and vectors

1 1 . 1
b E[G ’"I~_1+ '5‘4‘2—_*_—1‘, with H bm_(WZp.,.—WZPm'i-l)” <—;"1.
We have lgz T(w;, —w, “)]>1 __1__~1_’
Pm Pm Pm me 2pm+1
and hence (Td,) 2 (1 _ b L )L
g2p,,, m/ = 2p,,. 2pm T 1 ) m .

But when k,, = n, b,€3B[G]iZ,, so that |gzpm(Tb,,,)] <1 —¢, which is a
contradiction for sufficiently large values of m. Q.E.D.

ProposiTION 1. Let (G,) be a sequence of finite dimensional spaces. Suppose
(E,) is a shrinking f.d.d. for a subspace, X, of a quotient, Y, of ( X G,
(1 <p<w)or (X G,),. Then there is a sequence 1 = p, <p, < py3<... of
integers such that the f.d.d. (X,) of X defined by X, = [EJ; 22" 'has the
following property: Given any sequence 1 = ¢(1) < g(2) < q(3) < --- of integers
and x, e[ X" s

” Zx,,,” §{7(Z”xmup)1/p’ l<p<w
7(Supme

), ¢ case.

Proor. We treat the case of ( X G,),,; the case of ( X G,),, requires only
notational changes.

Let T:( X G,),;, - Y be the quotient map. We select sequences 1 =n; <n,
<ny<--and 1 =p, <p,<p;<-- of integers to satisfy for all 1 < i<k,

(*) for each xe[EJ5<, with | x| =1, d(x, T3B[ 2,7 'G ] <27

(**) for each xe[E;]7.,, with | x| =1, d(x, T3B[ 2, G <2

Setn; = p, = 1, let n, > 1, and, using Lemma 1, choose p, > p, so that (**)
holds for i = 2. (**) obviously holds for i = 1, so choose n; > n, to make (*¥)
valid for 1 < i <k < 2. Now select p; > p, so that (**) holds for i = 3. Using
(**) for i = 1,2, choose n, > n, to make (*) true for 1 £ i <k £ 3. Continue
in this way to define (p;) and (n,) by induction.

Set X,, = [EJfm: 7%, let 1 < g(1) < g(2) < -+, and suppose x,, € [X;Jfmr D1,

i=g(m)
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By (*) there are w, e Xy 171G, with |w,| < 3[x.| and | Tw, — x|

i=n,(m)

< 2770, | £ 27 ]

But | 2 Twa| | Zwn| |2 mossn| + | Zmcven || =

= ( Emodd ” W ]'p)l/p+( 2meven

W [V S 20 Z | wa [P < 6(E | x|
Thus | Zx,| S 6(Z | x,[)%+ Z27"|x.]| S 7(Z | 5.]D"?. QED.

PrOOF OF THEOREM 1. Let 1 = p, < p, < -+ and (X)) be as in the conclusion
of Proposition 1. For the case of c,, simply note that, since (X,) is an f.d.d,,
there is a constant ¢ so that, if x,e X,, ¢ sup | x,| < | £ x,{. Thus (X,)
is already a ¢, decomposition.

For the case of ( £ G,),, (1 < p < o) we need to dualize Proposition 1. Since
a subspace of a quotient is also a quotient of a subspace, it follows that X* is a
subspace of a quotient of ( X G¥), (1/p + 1/qg = 1). Also, if P, is the coordinate
projection of X onto X;, then (PFX*) is a (necessarily shrinking) f.d.d. for X*.
Thus from Proposition 1, we have that there is a sequence 1 = ¢(1) < q(2) < -
of integers so that, if x}e[PFX*[mt)™!, then | x| S 7( Z | x}[9H'
From this it follows that there is a constant ¢, depending only on the f.d.d. (X,),
so that, if x,e[X]J007Y, then ¢ (X x| = | X x,|. But also

i=gq(m)
| Zxn] =7Z | x.]|D" by Proposition 1, so ([X;] m=1 is an I,
decomposition. Q.E.D.

i=q(m)

CoroLLARY 1. Let (G,) be a sequence of finite dimensional spaces, let
1< p = o, and suppose that X is an &, subspace of a quotient of (X G,
(ifl<p<w)or( X G,),(ifp = c0). Then X is isomorphictol,(if 1 < p < o)
or ¢o (if p = ).

Proor. It is known (cf. [5]) that X admits a shrinking f.d.d.; hence by Theo-
rem 1, X is isomorphic to a space of the form ( X E,),_(if 1 < p < ©0)or( X E,),,
(if p = o) with dimE, < o0. Since X is a ., space, it follows easily that there
is a constant A, depending only on X and (E,), so that, for each n, there is an
isomorphism T,: E, tn}o Ip(co,if p = o0) with ” T,,” =1, ]T,,—IH < A, and there
is a projection P, of I, (or ¢, if p = ) onto T,E, with | P,| < 2. From this

it follows that X is isomorphic to a complemented subspace of I, (¢, if p = o)
and hence by Pelczynski’s result [8], X is isomorphic to I, (¢, if p = o). Q.E.D.

ReMark 1. Lindenstrauss [6] showed that I, contains a %, subspace which
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is not isomorphic to I;, so there is no analogue to Corollary 1 for p = 1 even

for subspaces of I,.

REMARK 2. In [9] it was shown that, for 1 £ A < 7/6, there is a number
f(%) so that if X is a & , subspace of ¢y, then there is an isomorphism
T:X ¢, with | T|| | T 7| £ f(A). Further, f depends continuously on A
in the sense that f(i) » 1 as A — 1. This last result does not follow from the
techniques in this paper and the corresponding question for £, ; subspaces of
I, (for 1 < p < oo and even for p = 1) remains open.

For subspaces of quotients of ( X G,),_ and ( ¥ G,),, which admit a structure
weaker than a shrinking f.d.d., we have a weaker version of Theorem 1.

CoROLLARY 2. Let (G,) be a sequence of finite dimensional spaces and suppose
that X is a subspace of a quotient of (£ G,),_ 1<p<w)or (X G),. If
X* has the approximation property, then X is isomorphic to a complemented
subspace of ( X E,),_ (1 <p < ) or ( X E,),, for some sequence (E,) of finite
dimensional spaces.

Proor. Since X* is separable, it follows from Grothendieck’s results [3] (cf.
[5, Remark 4.11]) that X* has the bounded approximation property. Let (F,)
be a sequence of finite dimensional spaces which is dense (in the Banach-Mazur
sense) for the class of all finite dimensional spaces and set C, = ( X F,),_
(t<p<w), C, =(X F,),. C,is isomorphic to the space C, discussed in
[4]. Now certainly ( X G,),, (1 <p < o) (or ( £ G,),,) is complemented in C,
(or C,); hence X ® C, is isomorphic to a subspace of a quotient of C,. But
since X* has the bounded approximation property and is separable, X ® C,
has by [4] a shrinking f.d.d. Hence the desired conclusion follows from Theorem 1.

Q.E.D.

ReMARK. Continuing in the notation of the proof of Corollary 2, we have
from Pelczynski’s decomposition method [8] that X @ C, is isomorphic to C,,
since each space is complemented in the other and C, is isomorphic to ( £ C,),
{( Z Cy)e,» if p= 0}. Thus C, has the property that a Banach space, X,
is isomorphic to a complemented subspace of C,, if and only if X is isomorphic
to a subspace of a quotient of C, and X* has the approximation property.
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